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Classification of edge-transitive propeller graphs
Matthew C. Sterns
Texas, United States
Abstract
In this paper, we introduce a family of tetravalent graphs called propeller
graphs, denoted by Prn (b, c, d). We then produce three infinite subfamilies
and one finite subfamily of arc-transitive propeller graphs, and show that all
such graphs are necessarily members of one of these four subfamilies, up to
isomorphism. We close the paper with questions for further investigation, as
well as a few conjectures.
Keywords: tetravalent graph, arc-transitive, edge-transitive, tricirculant,
propeller graph
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1. Introduction
All graphs in this paper are assumed to be finite, simple, and connected.
An automorphism of a graph is a permutation on the vertex set which pre-
serves the edges of the graph. Often an author will use the term symmetry to
refer to an automorphism, though we will not do so here. An automorphism
of a graph is called (m,n)-semiregular if it has precisely m vertex-orbits,
each of length n. A circulant graph, or circulant, is a graph which admits
a (1, n)-semiregular automorphism. Bicirculant, tricirculant, tetracirculant,
and pentacirculant graphs are defined similarly, admitting (m,n)-semiregular
automorphisms for m = 2, 3, 4, or 5, respectively. For any positive in-
teger s, an s-arc in a graph is a sequence of s + 1 vertices of the graph,
say v0, v1, . . . , vs, not necessarily all distinct, such that any two consecutive
terms are adjacent and any three consecutive terms are distinct. A 1-arc will
simply be called an arc. We say that Γ is vertex-transitive, edge-transitive,
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arc-transitive, or s-arc-transitive provided that G ≤ Aut (Γ) acts transitively
on the sets of vertices, edges, arcs, or s-arcs of Γ, respectively. For a vertex
v, we use N(v) to denote the neighborhood of v, that is, the vertices adjacent
to v.
In recent years, there has been increasing interest in classifying edge-
transitive and arc-transitive graphs relative to their valency and circulancy.
All arc-transitive circulant graphs were identified independently by Kovacs
[6] and Li [10]. For trivalent graphs, the classification of bicirculants was
handled by Pisanski [12], relying partly on the results of Frucht, Graver,
and Watkins regarding the generalized Petersen graphs [5] and on joint work
with Marusic [11]. Kovacs, Kutnar, Marusic, and Wilson completed the
classification of arc-transitive trivalent tricirculants in 2012 [7] while Frelih
and Kutnar that same year found all arc-transitive trivalent tetracirculant
and pentacirculant graphs [4]. Meanwhile, Kovacs, Kuzman, Malnic, and
Wilson exhausted the families of edge-transitive tetravalent bicirculants [8]
which, in a similar fashion to the cubic bicirculants and generalized Petersen
graphs, largely depended on the classification of edge-transitive rose window
graphs [9]. A classification of the edge-transitive or arc-transitive tetravalent
tricirculants has yet to be completed.
It is our hope that this paper will constitute a step toward completing
that classification. In section 2, we introduce a construction for a family of
tetravalent tricirculant graphs which we call propeller graphs. We will present
a pair of automorphisms common to all propeller graphs: a (3, n)-semiregular
automorphism, and an arc-reversing automorphism which establishes that all
edge-transitive propeller graphs are arc-transitive also. A particular property
of this family is that all propeller graphs have a girth g of at most 6, which will
prove useful in proving the primary theorem of this paper. In section 3, we
present three infinite subfamilies and one finite subfamily of arc-transitive
propeller graphs. Section 4 describes the organization of the classification
proof into arguments by girth. In section 5, we show that edge-transitive
propeller graphs with g = 3 must be line graphs of 2-arc-transitive generalized
Petersen graphs, which are well known. In section 6, we show that edge-
transitive propeller graphs with g = 4 are the underlying graphs of edge-
transitive toroidal maps of type {4, 4}, while the edge-transitive propeller
graphs where g ≥ 5 are handled in section 7. In section 8, we conclude the
paper with some open questions of further research and investigation, and
make conjectures about the automorphism groups and consistent cycles of
propeller graphs.
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2. Propeller Graphs
Definition 2.1. Let n ≥ 3 be an integer and let 0 < b, c, d < n with d 6= n
2
.
The propeller graph Prn (b, c, d) is a tetravalent graph with vertex set
{A0, A1, A2, . . . , An−1, B0, B1, B2, . . . , Bn−1, C0, C1, C2, . . . , Cn−1}
and edge set
{{Ai, Ai+1}, {Ai, Bi}, {Bi, Ai+b}, {Bi, Ci+c}, {Ci, Bi}, {Ci, Ci+d}|i ∈ Zn}.
All arithmetic on indices is presumed to be modulo n, unless otherwise
specified.
We will sometimes refer to the vertices as A vertices, B vertices, and C
vertices. It will also help later on to have names for the types of edges of
a given propeller graph. Respective to the order given in the definition of
the edge set, a propeller graph has A-wings, A-flats, A-blades, C-blades, C-
flats, and C-wings, all of which appear in the graph in equal amounts. We
define A-spokes to be the union of A-flats and A-blades, and define C-spokes
analogously.
By construction, all propeller graphs admit the (3, n)-semiregular auto-
morphism
Ai 7→ Ai+1
ρ : Bi 7→ Bi+1
Ci 7→ Ci+1
ρ = (A0, A1, A2, . . . , A−1) (B0, B1, B2, . . . , B−1) (C0, C1, C2, . . . , C−1) .
which induces a cyclic subgroup of the full automorphism group of the graph.
All propeller graphs also admit the involution
Ai 7→ A−i
µ : Bi 7→ B−i−b
Ci 7→ C−i−b+c
which preserves the set of A-wings and the set of C-wings, transposes the
sets of A-flats and A-blades, and transposes the sets of C-flats and C -blades.
There are therefore at most four orbits of edges in a propeller graph: the A-
wings, the A-spokes, the C-spokes, and the C-wings. Since µρ acts as a
reflection of the edge {A0, A1}, we have the following corollary.
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Corollary 2.2. Any edge-transitive propeller graph is arc-transitive as well.
Some additional facts about these graphs are collected in the following
lemmas.
Lemma 2.3.
Prn (b, c, d) = Prn (b, c,−d) .
Notice that these two graphs are equal, and not merely isomorphic.
Lemma 2.4.
Prn (b, c, d) ∼= Prn (−b, c, d) Prn (b, c, d) ∼= Prn (b,−c, d)
Proof. The isomorphisms are given below, respectively.
(Ai 7→ Ai−b) (Bi 7→ Bi) (Ci 7→ Ci)
(Ai 7→ Ai) (Bi 7→ Bi) (Ci 7→ Ci−c)
Lemma 2.5. Let (d, n) = 1. Then there is an integer 0 < e < n such that
de
n
≡ 1
n
≡ ed, and we have
Prn (b, c, d) ∼= Prn (ce, be, e) .
Proof. The isomorphism (Ai 7→ Cie) (Bi 7→ Bie) (Ci 7→ Aie) delivers the re-
sult.
Notice that in the special case where d ∈ {−1, 1}, we have Prn (b, c,±1) ∼=
Prn (c, b, 1).
We close the section with a couple of other observations about propeller
graphs which will help us with the classification.
Lemma 2.6. A propeller graph Γ admits an automorphism sending (A0, A1)
to (A0, B0) if and only if Γ is edge-transitive.
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Proof. Let Γ be a propeller graph with G = Aut (Γ). Suppose there is an
automorphism, say δ ∈ G, which sends (A0, A1) to (A0, B0). By application
of ρ and µ, this implies that A-wings and A-spokes are in the same orbit.
Now, δ must send the remaining neighbors of A1 to the remaining neighbors
of B0, that is, {A2, B1, B1−b}δ = {Ab, C0, Cc}, so either B1δ ∈ {C0, Cc} or
B1−bδ ∈ {C0, Cc}. Hence some A-spoke, either {A1, B1} or {A1, B1−b}, is
sent to a C-spoke, either {B0, C0} or {B0, Cc}. This establishes that the
C-spokes share an orbit with the A-wings and A-spokes. At this point, the
C-wings are either a part of this orbit under δ, or else δ preserves the C-
wings. But δ cannot preserve the C-wings without naturally preserving the
set of C-vertices, and since either B1δ or B1−bδ is a C-vertex, this is clearly
not the case. Thus all edges are in a single orbit, which establishes the result.
Lemma 2.7. A propeller graph has girth at most 6.
Proof. Let Prn (b, c, d) be a propeller graph. If b
n
≡ ±1, then the graph
admits either (A0, A1, B1) or (A0, A1, B0) as a 3-cycle. Otherwise, the 6-
cycle (A0, A1, B1, A1+b, Ab, B0) establishes the result. We use the terms A-
canonical and C-canonical respectively to describe 6-cycles of the forms be-
low, and the term canonical 6-cycles as a collective reference.
(Ai, Ai+1, Bi+1, Ai+1+b, Ai+b, Bi) (Ci, Ci+d, Bi+d, Ci+c+d, Ci+c, Bi)
3. Families of Edge-Transitive Propeller Graphs
In this section, we introduce three infinite families and one finite family
of edge-transitive propeller graphs. For each family, we will present an as-
sociated automorphism which we call the defining automorphism, because a
propeller graph admits such an automorphism if and only if it is a member of
the corresponding family. Each defining automorphism also sends (A0, A1)
to (A0, B0), thereby ensuring its family’s edge-transitivity by Lemma 2.
3.1. Family 1
The first family of propeller graphs we consider are those of the form
Pr2m (2d, 2, d) with d
2 n≡ 1. All members of family 1 admit the defining
automorphism σ1:
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i
2
≡ 0 i
2
≡ 1
Ai 7→ Aid B(i−1)d
σ1 : Bi 7→ Aid+1 C(i−1)d+2
Ci 7→ Bid+1−2d C(i−1)d+2−d
There are some special propeller graphs from family 1 which we would
like to point out. Firstly, the graph Pr4 (2, 2, 1) is the only propeller graph
isomorphic to a wreath graph, namely, to W (6, 2). Wreath graphs admit
many isolated, local automorphisms, which creates vertex-stabilizers expo-
nential in the number of vertices [13]. The interested reader may see [17] for
more information concerning wreath graphs.
Second, a special subset of family 1 graphs admit an additional involution.
These graphs are those for which n = 6m for some m, d
6
≡ 5, and 6d
6m
≡ 6.
Since 6d
6m
≡ 6, either 3d
6m
≡ 3, or m is even, d
12
≡ 5, and 3d
6m
≡ 3m+3. We may
denote these graphs as members of family 1⋆. Now, let us fix an integer r in
the following way:
r =
{
1 if 3d
6m
≡ 3
k + 1 if 3d
6m
≡ 3m+ 3 and m = 2k.
It follows that 12r
6m
≡ 12, and if 3d
6m
≡ 3, 6r
6m
≡ 6, whereas if 3d
6m
≡ 3m+ 3
and m = 2k, 6r
6m
≡ 3m+ 6. The following involution σ1⋆ is admitted by this
special subset of family 1 graphs.
i
6
≡ 0 i
6
≡ 1 i
6
≡ 2 i
6
≡ 3 i
6
≡ 4 i
6
≡ 5
Ai 7→ Air A(i−1)r+1 B(i−2)r+1 C(i−3)r+3 C(i−4)r+3+d B(i−5)r+3+d
σ1⋆ : Bi 7→ Bir A(i−1)r+2 A(i−2)r+1+2d B(i−3)r+3 C(i−4)r+3+2d C(i−5)r+5+d
Ci 7→ Cir B(i−1)r+2−2d A(i−2)r+2d A(i−3)r+3 B(i−4)r+1+2d C(i−5)r+5
It is necessary to point out that, in the case where m is even and 3d
6m
≡
3m+3, the restriction that d
12
≡ 5 is required. The propeller graph Pr6m (2d, 2, d)
with d2
6m
≡ 1, 3d
6m
≡ 3m+ 3, and d
12
≡ 11 does not admit the permutation σ1⋆
as an automorphism, since σ1⋆ sends the arc (C0, Cd) to (C0, C3m+d), which
is not an arc.
Of course, graphs in family 1⋆ still admit σ1, and in fact, σ1⋆µσ1⋆µ = σ1
and σ1⋆ρσ1⋆ρ
−1 = σ1. Hence, in a sense, σ1⋆ supercedes σ1 as the defining
automorphism for family 1⋆.
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3.2. Family 2
The next family of propeller graphs are those of the form Pr2m (2d, 2, d)
with d2
n
≡ −1. We remark that although the parameters of these graphs
are nearly identical to those of family 1, their automorphism groups differ
significantly enough to warrant treating them as a separate family.
The defining automorphism of family 2 is given below.
i
2
≡ 0 i
2
≡ 1
Ai 7→ Aid B(i−1)d
σ2 : Bi 7→ Aid−1 C(i−1)d
Ci 7→ Bid−1−2d C(i−1)d−d
3.3. Family 3
The third and final infinite family of edge-transitive propeller graphs con-
sists of those of the form Pr4m (b, b− 4, 2b− 3) with b
4
≡ 3 and 8b
n
≡ 16. The
defining automorphism of family 3 is given below.
i
4
≡ 0 i
4
≡ 1 i
4
≡ 2 i
4
≡ 3
Ai 7→ Ai Bi−1 Ci−2 Bi+1−b
σ3 : Bi 7→ Ai+1 Ai−1+b Ci−5+2b Ci+1−b
Ci 7→ Ai+2 Bi−1+b Ci−8+4b Bi+5−2b
3.4. Family 4
This family differs significantly from the others in that it only has finitely
many members, namely, Pr5 (1, 2, 2), Pr10 (1, 2, 2), Pr10 (1, 7, 7), Pr10 (6, 2, 7),
and Pr10 (6, 7, 2). The graph Pr10 (6, 2, 7) = Pr10 (6, 2, 3) is uniquely inter-
esting in that it admits both the defining automorphism of family 2 and the
defining automorphism of family 4, shown below; that is, it is a member of
both families. This is the only example of an edge-transitive propeller graph
in multiple families.
i
5
≡ 0 i
5
≡ 1 i
5
≡ 2 i
5
≡ 3 i
5
≡ 4
Ai 7→ Ai Bi−1 Ci−2+c Ci+b Bi−1+b
σ4 : Bi 7→ Ai+1 Ci−1 Bi−2+c Ci+b+d Ai−1+b
Ci 7→ Bi+1 Bi−1−c Ai−2+c Ci+b+2d Ai−2+b
The automorphism σ4 requires that 10
n
≡ 0, b
5
≡ 1, c
5
≡ d
5
≡ 2, 5+b+c+d
n
≡
0, 2c
n
≡ 2d
n
≡ −6, and 2b
n
≡ 2. In particular, the first implication forces the
family’s finiteness.
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Remark 1. This family presents more than its fair share of open questions
regarding propeller graphs. The investigation into arc-transitive propeller
graphs began in part by examining the image of the A-wing cycle
(A0, A1, A2, . . . , A−1)
of known arc-transitive propeller graphs under an automorphism sending
(A0, A1) to (A0, B0). In many cases, this automorphism sent the A-wing cycle
to a cycle (A0, B0, Ab, Bb, A2b, . . . , B−b), the investigation of which yielded
families 1 and 2. In others, this automorphism sent the A-wing cycle to
a cycle (A0, B0, C0, B−c, Ab−c, Bb−c, . . . , B−b), characteristic of the graphs in
family 3. However, only the five graphs in this family appeared to have an
automorphism sending the A-wing cycle to a cycle
(A0, B0, Cc, Cc+d, Bc+d, Ab+c+d, . . . , B−b) .
It would be interesting to discover a deeper reason as to why this particu-
lar property should ultimately disqualify all but a handful of arc-transitive
propeller graphs.
4. Classification of Edge-Transitive Propeller Graphs
We now turn to the classification of edge-transitive propeller graphs. For
the rest of this paper, we assume that Γ = Prn (b, c, d) is an edge-transitive
propeller graph with G = Aut (Γ) and girth g. By Corollary 2.2, Γ is arc-
transitive also. As Γ is arc-transitive, every arc is contained in the same
number of 3-cycles, the same number of 4-cycles, and so on. We use the
following definition for clarity.
Definition 4.1. Let Γ be a propeller graph, and let N3, N4, N5, and N6
denote the number of 3-, 4-, 5-, and 6-cycles of Γ, respectively.
Note that because of the existence of canonical 6-cycles, N6 ≥ 2 for any
propeller graph. For the classification proofs, it will help us to consider only
“sufficiently large” graphs, so by using the computer algebra program SAGE
[15], we can see that the following lemma holds.
Lemma 4.2. Let Γ = Prn (b, c, d) be an edge-transitive propeller graph where
n ≤ 78. Then, up to isomorphism, Γ is a member of family 1, family 2,
family 3, or family 4.
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Over the next three sections, we show that edge-transitive propeller graphs
must be members of the families from Section 3. Lemma 2 implies that all
propeller graphs have girth at most 6, so we tackle the classification in cases:
The g = 3 case will be handled in Section 5, the g = 4 case will be handled
in Section 6, and the g ≥ 5 case will be handled in Section 7.
5. Where g = 3
Theorem 5.1. Let Γ be an edge-transitive propeller graph of girth 3. Then
Γ is isomorphic to the line graph of GP (n, d), a 2-arc-transitive generalized
Petersen graph.
Proof. Since Γ has girth 3, by looking at possible 3-cycles containing (B0, Ab)
and their induced relations, we must have that b
n
≡ ±1, and by considering
the 3-cycles containing (B0, Cc), we also determine that c
n
≡ ±d. Moreover,
we see that N3 = 1. From Lemma 2.4 we may assume without loss of
generality that b
n
≡ −1 and c
n
≡ −d.
Now consider the generalized Petersen graph X = GP (n, d). According
to the construction given in [5], its vertex set has 2n vertices, labeled ui and
vi for i ∈ Zn, and its edge set consists of 3 types of edges, with n of each type:
{ui, ui+1}, {ui, vi}, and {vi, vi+d}, for i ∈ Zn. The line graph of X , written
L (X), has vertex set E(X), and two edges of X are adjacent in L (X) if
and only if they share a vertex in X . If we write the vertices of L (X) as
Ai, Bi, and Ci (for i ∈ Zn), corresponding respectively to {ui, ui+1}, {ui, vi},
and {vi, vi+d}, then the edge set of L (X) has six types of edges: {Ai, Ai+1},
{Ai, Bi}, {Bi, Ai−1}, {Bi, Ci−d}, {Ci, Bi}, and {Ci, Ci+d}.
This makes it apparent that L (X) = Γ. The arcs in Γ correspond directly
to the 2-arcs in X , and as Γ is arc-transitive, X must be 2-arc-transitive.
Of course, the 2-arc-transitive generalized Petersen graphs are well known
to be the seven classified in [5], which in particular have n ≤ 24. Therefore
by Lemma 4.2, arc-transitive propeller graphs of girth 3 are members of the
families from Section 3. In Table 1 we see the arc-transitive generalized
Petersen graphs and their corresponding propeller graphs. We remark that
the propeller graphs in Table 1 for which n is a multiple of 4 are isomorphic
to members of family 3, while the others are isomorphic to members of family
4.
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GP (n, r) Prn (b, c, d)
GP (4, 1) Pr4 (1, 1, 1)
GP (5, 2) Pr5 (1, 2, 2)
GP (8, 3) Pr8 (1, 3, 3)
GP (10, 2) Pr10 (1, 2, 2)
GP (10, 3) Pr10 (1, 3, 3)
GP (12, 5) Pr12 (1, 5, 5)
GP (24, 5) Pr24 (1, 5, 5)
Table 1: The arc-transitive gen. Petersen graphs and their corresponding propeller graphs.
6. Where g = 4
In this section, we classify the arc-transitive propeller graphs of girth 4.
Theorem 6.1. Let Γ be an arc-transitive propeller graph of girth 4. Then Γ
is isomorphic to a graph of the form Pr2m (2, 2, d) with d ∈ {1, m+ 1}.
Proof. A simple analysis of all possible 4-cycles containing (A0, A1) shows
that (A0, A1) can be in at most five 4-cycles. Moreover, if (A0, A1) is in at
least three 4-cycles, it must be in all five; hence N4 ∈ {1, 2, 5}. If N4 = 1,
or N4 = 5, then n = 4, and a simple SAGE search [15] shows that the only
arc-transitive propeller graph with n = 4 and g = 4 is Pr4 (2, 2, 1).
However, if N4 = 2, then b
n
≡ ±2, c
n
≡ ±2, and 2d
n
≡ ±2. By our iso-
morphism theorems, we may take b
n
≡ 2, c
n
≡ 2, and 2d
n
≡ 2, in which case
either d
n
≡ 1, or n = 2m and d
n
≡ m + 1. If n = 2m and d
n
≡ m + 1, we
are done. Therefore, we proceed assuming that d
n
≡ 1, and show that n
must be even. By arc-transitivity, we know that there is an automorphism
σ such that (A0, A1)σ = (A0, B0). The two 4-cycles (A0, A1, A2, B0) and
(A0, A1, B−1, A−1) are sent to the 4-cycles (A0, B0, A2, A1) and (A0, B0, C0, B−2)
in some fashion. Therefore {A2, B−1}σ = {A2, C0} and {B0, A−1}σ = {A1, B−2}.
Observe that for a given i,
N(Bi) ∩N(Ai+1) = {Ai, Ai+2},
N(Bi) ∩N(Ci+1) = {Ci, Ci+2}, and
N(Ai+2) ∩N(Ci+2) = {Bi, Bi+2}.
This implies that the full action of σ is entirely determined by where it sends
A0, A1, B0, C0, and C1.
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If A2σ = C0, then B0σ = B−2 and in fact
(A0, A1, B1, A3, A2, B0) σ = (A0, B0, C2, C1, C0, B−2) .
We also have that B
−1σ = A2 and A−1σ = A1, and therefore
(A0, A1, B−1, A−1, A−2, B−2) σ = (A0, B0, A2, A1, B−1, A−1) .
This allows us to deduce that
(B
−2, A0, A1, B1, C1, C0) σ = (A−1, A0, B0, C2, C1, B−1) .
However, the arc (B0, C0) is clearly not preserved by σ, so A2σ 6= C0. Hence
A2σ = A2, which yields a whole host of deductions:
(A0, A1, B1, A3, A2, B0) σ = (A0, B0, C2, B2, A2, A1)
(A0, A1, B−1, A−1, A−2, B−2) σ = (A0, B0, C0, B−2, A−2, A−1)
(B
−2, A0, A1, B1, C1, C0)σ = (A−1, A0, B0, C2, C1, B−1)
This delivers the condition necessary to determine the full action of σ,
shown below.
i
2
≡ 0 i
2
≡ 1
Ai 7→ Ai Bi−1
Bi 7→ Ai+1 Ci+1
Ci 7→ Bi−1 Ci
It is immediate that this requires n = 2m for some m. (In fact, this is
the defining automorphism for family 1 with d
n
≡ 1.)
The classification of edge-transitive propeller graphs with girth 4 follows
immediately; namely, they are members of family 1.
7. Where g ≥ 5
We begin with a definition which streamlines some later proofs consider-
ably.
Definition 7.1. Let Γ be an edge-transitive propeller graph of girth at least
5, with (u, v) an arc of Γ. Label the three remaining non-u neighbors of
v as w, x, y, and the three remaining non-v neighbors of u as r, s, t. We
define the successor type of (u, v) to be the multiset {a1, a2, a3}, where a1,
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a2, and a3 are the numbers of 6-cycles containing (u, v, w), (u, v, x), and
(u, v, y), respectively. We similarly define the predecessor type of (u, v) to
be the multiset {b1, b2, b3}, where b1, b2, and b3 are the numbers of 6-cycles
containing (r, u, v), (s, u, v), and (t, u, v), respectively. As an aside, there are
many occasions where i 6= j but ai = aj or bi = bj for some i, j, and it is for
this reason that we define types as multisets rather than merely sets.
A couple of things are readily apparent. First,
a1 + a2 + a3 = N6 = b1 + b2 + b3.
Also, automorphisms of the graph preserve types, so for an edge-transitive
propeller graph, every arc must have the same successor type and the same
predecessor type. The next lemma establishes a lower bound of N6 ≥ 3 for
edge-transitive propeller graphs, and provides an example illustrating the
previous definition.
Lemma 7.2. There exists no arc-transitive propeller graph for which N6 = 2.
Proof. Let Prn (b, c, d) be edge-transitive with N6 = 2; then every arc is
in only canonical 6-cycles. One of the canonical 6-cycles containing (A0, A1)
contains the 2-arc (A0, A1, B1) and the other contains the 2-arc (A0, A1, B1−b),
so the successor type of (A0, A1) is {1, 1}. Conversely, both canonical 6-cycles
containing (A0, B0) contain the 2-arc (A0, B0, Ab), so the successor type of
(A0, B0) is {2, 0}. Clearly there can be no automorphism sending (A0, A1)
to (A0, B0), contradicting our assumption that the graph is arc-transitive.
It will help to know precisely which, and how many, 6-cycles are admitted
by a particular propeller graph, as every non-canonical 6-cycle admitted by
Γ imposes additional conditions on n, b, c, and d. For X an arbitrary cycle in
Γ, let q(X ), r(X ), s(X ), t(X ), u(X ), and v(X ) be, respectively, the number
of A-wings, A-flats, A-blades, C-blades, C-flats, and C-wings contained in
X . As an example, if X = (A0, A1, B1, A1+b, Ab, B0), we have q(X ) = r(X ) =
s(X ) = 2 and t(X ) = u(X ) = v(X ) = 0.
We say that two 6-cycles are of the same class if there is an automorphism
from 〈ρ, µ〉 ≤ G sending one onto the other. Note that if X and Y are of
the same class, then q(X ) = q(Y), r(X ) = s(Y), s(X ) = r(Y), t(X ) = u(Y),
u(X ) = t(Y), and v(X ) = v(Y). In Table A.3, found in the Appendix, we
list a representative 6-cycle X of each class, conditions on n, b, c, and d for
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X to be admitted by Γ, and values for q(X ), r(X ), s(X ), t(X ), u(X ), and
v(X ) when X is of the given class.
Remark 2. We are seeking which combinations of relations from Table A.3
yield potentially edge-transitive graphs. There are of course a terrific num-
ber of possible combinations to start with, but we are able to reduce the
possibilities considerably in three ways. First, by applying key assumptions
from our claim, namely, that g ≥ 5 and n > 78, some relations are thereby
rendered mutually exclusive. For example, taking any two relations from
{b
n
≡ 4, b
n
≡ −4, 2b
n
≡ 2, 2b
n
≡ −2}
will contradict n > 78, so numbers 4, 5, 6, and 7 from Table A.3 are all
pairwise mutually exclusive.
Second, we must have also that all edges are in the same number of 6-
cycles, which requires that the sum of the values of q(E), r(E), s(E), t(E),
u(E), and v(E) are all the same across all representative 6-cycles E. For
example, if 2b
n
≡ 2 and 2c
n
≡ 2d, then every edge type is in five 6-cycles (two
canonical 6-cycles and three associated with one of the relations). For this
reason, a combination like b
n
≡ 2c and d
n
≡ 1 would not be viable on its own,
since edges of different types would be contained in a different number of 6-
cycles. By applying the first and second restrictions, we reduce the number
of feasible combinations down to 222 possibilities.
Finally, we utilize Lemmas 2.3, 2.4, and 2.5 from Section 2 to reduce the
222 possibilities to 31 non-isomorphic cases, which can be found in Table 2.
Notice also that all of these cases adhere to the upper bound N6 ≤ 9.
This brings us to our next theorem, which classifies the edge-transitive
propeller graphs of girth at least 5 and n > 78.
Theorem 7.3. Let Γ = Prn (b, c, d) be one of the graphs shown in the table
above. If Γ is edge-transitive, exactly one of the following must be true:
(i) Γ is a graph from case 1 or a graph from case 5, and is isomorphic to
a member of family 3.
(ii) Γ is a graph from case 16, and is isomorphic to either a member of
family 1 or a member of family 2.
(iii) Γ is a graph from case 26, and is isomorphic to a member of family 1.
First, we will prove that edge-transitive propeller graphs from cases 1, 5,
16, or 26 are isomorphic to members of the known families from Section 3.
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Case N6 Propeller graph
1 3 Prn (b, c, 1 + b+ c)
2 4 Prn (b, c, 1 + b)
3 4 Prn (b, c, 1 + c)
4 4 Prn (b, c, 1 + b− c), where 2c
n
≡ 2
5 4 Prn (b, c, 1 + b− c) where 2b
n
≡ 2c
6 4 Prn (b, 2 + b, d) where 2 + 2b
n
≡ 2d
7 4 Prn (b, 2 + b, d) where 2d
n
≡ 2
8 5 Prn (b, c, d) where 2b
n
≡ 2, 2c
n
≡ 2d
9 5 Prn (b, b− 2, 3) where 2b
n
≡ 8
10 5 Prn (b, 2 + b, 3) where 2b
n
≡ 4
11 5 Prn (b, b− 2, 2b− 1) where 6b
n
≡ 4
12 5 Prn (b, b− 2, 2b− 3) where 6b
n
≡ 8
13 5 Prn (b, 2 + b, d) where 4b
n
≡ 0, 2d
n
≡ 2
14 5 Prn (b, b− 2, d) where 4b
n
≡ 8, 2d
n
≡ 2
15 6 Prn (b, c, 1)
16 6 Prn (2d, 2, d)
17 6 Prn (b, c, 1 + b− c) where 2b
n
≡ 2, 2c
n
≡ 2d
18 6 Prn (b, b− 2, 2b− 1) where 4b
n
≡ 4
19 6 Prn (b, 2 + b, b− 1) where 4b
n
≡ 0
20 6 Prn (b, 2 + b, b− 1) where 2b
n
≡ 4
21 6 Prn (b, b− 2, b− 3) where 4b
n
≡ 8
22 6 Prn (b, b− 2, b− 3) where 2b
n
≡ 8
23 7 Prn (b, c, 1− c) where 2b
n
≡ 2, 4c
n
≡ 2
24 7 Prn (b, c, 1− b+ c) where 2b
n
≡ 2
25 7 Prn (b, c, 1 + b) where 2b
n
≡ 2, 2c
n
≡ 4
26 7 Prn (2d, 2, d) where 3d
n
≡ 3
27 8 Prn (b, 2 + b, 1 + b)
28 9 Prn (b, c, 1) where 2b
n
≡ 2, 2c
n
≡ 2
29 9 Prn (b, 2 + b, 1)
30 9 Prn (2d, 2, d) where 3d
n
≡ 1
31 9 Prn (6, 2, 3)
Table 2: Possible edge-transitive propeller graphs of girth at least 5 and n > 78.
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We will then show that propeller graphs from any of the other cases cannot
be edge-transitive.
Proof. (Case 1) Let Prn (b, c, 1 + b+ c) be edge-transitive. We observe that
N6 = 3, so every edge is in two canonical 6-cycles as well as a cycle of the
form (Ai, Ai+1, Bi+1, Ci+1+c, Ci−b, Bi−b) for some i. We claim that the full
action of an automorphism is determined by its action on Ai−1, Ai, Bi, and
Ai+b. Observe that the two 6-cycles containing (Ai, Bi, Ai+b) are
(Ai, Bi, Ai+b, Ai−1+b, Bi−1, Ai−1) and (Ai, Bi, Ai+b, Ai+1+b, Bi+1, Ai+1) ,
and these are distinguishable by whether they contain Ai−1 or not. Hence
knowing the images of these four vertices under the automorphism will allow
us to determine where it sends the second 6-cycle, and specifically where it
sends Ai+1, Bi+1, and Ai+1+b. This process can be repeated finitely many
times to deduce the images of all A and B vertices in the graph. We may
then look to the images of the non-canonical 6-cycles to determine the images
of the C vertices also.
By edge-transitivity and Corollary 2.2, there exists an automorphism
α such that (A0, A1)α = (A0, B0), and so α must send the three 6-cycles
containing (A0, A1) to the three 6-cycles containing (A0, B0) in some way.
There are two 6-cycles containing (B
−b, A0, A1) and two 6-cycles containing
(A
−1, A0, B0), so B−bα = A−1. Also, there are two 6-cycles containing each
of (A0, A1, B1) and (A0, B0, Ab), so B1α = Ab. This gives us enough infor-
mation to determine the action of α on the 6-cycles containing (A0, A1), and
in particular, we have
(A0, A1, B1, A1+b, Ab, B0)α = (A0, B0, Ab, A1+b, B1, A1) .
Taking i = 1, this allows us to determine the full action of α per the previous
paragraph. This is what we obtain for α (where z is an integer such that
4z
n
≡ b− c):
i
4
≡ 0 i
4
≡ 1 i
4
≡ 2 i
4
≡ 3
Ai 7→ Aiz B(i−1)z C(i−2)z B(i−3)z−c
α : Bi 7→ Aiz+1 A(i−1)z+b C(i−2)z+1+b+c C(i−3)z−c
Ci 7→ Aiz+2 B(i−1)z+b C(i−2)z+2+2b+2c B(i−3)z−2c
Here b
4
≡ c
4
≡ 3, and we know already that (Ab, B0)α = (B1, A1). Since
Ccα = B(c−3)z−2c, we have that (c − 3)z − 2c
n
≡ 1 − b, and therefore that
15
(c− 3)z
n
≡ 1− b+ 2c
n
≡ 1 + c− 4z. Equivalently, (c+ 1)z
n
≡ 1 + c. But when
we see that (C1+c, B1, A1+b)α = (A3+c, Ab, A1+b), we find that b
n
≡ 4 + c,
and hence 4z
n
≡ 4. All instances of z in our formula for α above can thus be
removed, revealing that α is precisely the defining automorphism of family 3.
We conclude that all graphs isomorphic to Prn (b, c, 1 + b+ c) with N6 = 3
are isomorphic to members of family 3.
Proof. (Case 5) Let Prn (b, c, 1 + b− c) where 2b
n
≡ 2c and N6 = 4 be edge-
transitive. From edge-transitivity and Corollary 2.2, there is an automor-
phism β such that (A0, A1) β = (A0, B0), and so must send the four 6-cycles
containing (A0, A1) to those containing (A0, B0) in some way.
As with case 1, if for a particular i, we know (Ai−1, Ai, Bi, Ai+b)β, we
can also find (Ai+1, Bi+1, Ai+1+b) β, and so on, thereby determining how β
acts on all A and B vertices. To obtain Ciβ, we need (Bi−1, Ai−1, Ai, Bi) β,
because one of the two 6-cycles containing (Ai, Ai+1, Bi+1) contains Ci+1 and
the other contains Bi. Therefore, all C vertices are determined as well.
Now, we have two choices for how β acts on B0 and B1, and these choices
will determine the action of β on the 6-cycles containing (A0, A1), thereby
determining the full action of β. Specifically we have that B0β ∈ {A1, A−1}
and B1β ∈ {Ab, C0}. Let us denote by β1 and β2 the versions of β where
B0β = A1 and, respectively, B1β = Ab or B1β = C0. Let us also use β3 and
β4 for the versions of β where B0β = A−1 and, respectively, B1β = Ab or
B1β = C0.
Let z be an integer such that 4z
n
≡ b+c. Then β1 and β2 are the following:
i
4
≡ 0 i
4
≡ 1 i
4
≡ 2 i
4
≡ 3
Ai 7→ Aiz B(i−1)z C(i−2)z+c B(i−3)z+c
β1 : Bi 7→ Aiz+1 A(i−1)z+b C(i−2)z+1+b C(i−3)z+2c
Ci 7→ Biz+1−b A(i−1)z−1+b B(i−2)z+1+b−c C(i−3)z−1+b+c
i
4
≡ 0 i
4
≡ 1 i
4
≡ 2 i
4
≡ 3
Ai 7→ Aiz B(i−1)z C(i−2)z+c B(i−3)z+c
β2 : Bi 7→ Aiz+1 C(i−1)z C(i−2)z+1+b A(i−3)z+c
Ci 7→ Biz+1 C(i−1)z−1−b+c B(i−2)z+1+b A(i−3)z−1+c
The automorphism β1 requires that n = 4m for some m, that b
4
≡ 3, and
that c
4
≡ 1. Also, (A0, B0, Cc)β1 =
(
A0, A1, A(c−1)z−1+b
)
, so (c− 1) z
n
≡ 3− b,
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and (A1, B1, C1+c)β1 =
(
B0, Ab, B(c−1)z+1+b−c
)
, so (c− 1) z
n
≡ c − 1. This
implies that b + c
n
≡ 4, which suggests that 4z
n
≡ 4. Also, since 2b
n
≡ 2c,
we have 4b
n
≡ 8. A graph of case 5 admitting β1 as an automorphism must
therefore be isomorphic to a member of family 3.
Conversely, the automorphism β2 requires that n = 4m for some m, that
b
4
≡ 1, and that c
n
≡ 3. As well, (A0, B0, Cc)β2 =
(
A0, A1, A(c−3)z−1+c
)
, so
(c− 3) z
n
≡ 3 − c. Continuing, (A1, B1, C1+c) β2 =
(
B0, C0, B(1+c)z+1
)
, so
(1 + c) z
n
≡ −1 − c. Therefore (1 + c) z
n
≡ 3 + b, and so 4 + b + c
n
≡ 0. Also,
d
n
≡ −3 − 2b and because 2b
n
≡ 2c, we have 4b
n
≡ −8. Clearly this graph is
then isomorphic to a member of family 3.
Next, we come to β3 and β4.
i
4
≡ 0 i
4
≡ 1 i
4
≡ 2 i
4
≡ 3
Ai 7→ Aiz B(i−1)z C(i−2)z+c B(i−3)z+c
β3 : Bi 7→ Aiz−1 A(i−1)z+b C(i−2)z−1+b C(i−3)z+2c
Ci 7→ Biz−1−b A(i−1)z+1+b B(i−2)z−1+b−c C(i−3)z+1+b+c
i
4
≡ 0 i
4
≡ 1 i
4
≡ 2 i
4
≡ 3
Ai 7→ Aiz B(i−1)z C(i−2)z+c B(i−3)z+c
β4 : Bi 7→ Aiz−1 C(i−1)z C(i−2)z−1+b A(i−3)z+c
Ci 7→ Biz−1 C(i−1)z+1−b+c B(i−2)z−1+b A(i−3)z+1+c
Both β3 and β4 require that n = 4m for some m. It is immediate that
β3 requires b
4
≡ 3 and c
4
≡ 1 and β4 requires b
4
≡ 1 and c
4
≡ 3. However, we
observe that there are vertices in the graph which β3 and β4 can never map
to. For example, no vertex will every be sent to A1 by β3, because, for any
k, A4k and C4k+1 are sent to A vertices with index 0 mod 4, and B4k and
B4k+1 are sent to A vertices with index 3 mod 4. The same problem arises
with β4 as well. Therefore neither β3 nor β4 can be automorphisms.
Proof. (Case 16) Let Prn (2d, 2, d) be edge-transitive with N6 = 6. We list
the six 6-cycles containing each edge type below.
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Arc 6-cycles
(A0, A1, A2, B2, C2, B0) (A0, A1, A2, B2−2d, C2−2d, B−2d)
(A0, A1) (A0, A1, B1, A1+2d, A2d, B0) (A0, A1, B1, C1, B−1, A−1)
(A0, A1, B1−2d, A1−2d, A−2d, B−2d) (A0, A1, B1−2d, C1−2d, B−1−2d, A−1)
(A0, B0, A2d, A1+2d, B1, A1) (A0, B0, A2d, A−1+2d, B−1, A−1)
(A0, B0) (A0, B0, C0, B−2, A−2, A−1) (A0, B0, C0, C−d, C−2d, B−2d)
(A0, B0, C2, B2, A2, A1) (A0, B0, C2, C2−d, C2−2d, B−2d)
(B0, A2d, A1+2d, A2+2d, B2, C2) (B0, A2d, A1+2d, B1, A1, A0)
(B0, A2d) (B0, A2d, A−1+2d, A−2+2d, B−2, C0) (B0, A2d, A−2d, B−1, A−1, A0)
(B0, A2d, B2d, C2d, Cd, C0) (B0, A2d, B2d, C2+2d, C2+d, C2)
(B0, C2, B2, A2, A1, A0) (B0, C2, B2, A2+2d, A1+2d, A2d)
(B0, C2) (B0, C2, C2+d, Bd, Cd, C0) (B0, C2, C2+d, C2+2d, B2d, A2d)
(B0, C2, C2−d, B−d, C−d, C0) (B0, C2, C2−d, C2−2d, B−2d, A0)
(C0, B0, A0, A−1, A−2, B−2) (C0, B0, A0, B−2d, C−2d, C−d)
(C0, B0) (C0, B0, A2d, A−1+2d, A−2+2d, B−2) (C0, B0, A2d, B2d, C2d, Cd)
(C0, B0, C2, C2+d, Bd, Cd) (C0, B0, C2, C2−d, B−d, C−d)
(C0, Cd, Bd, Ad, B−d, C−d) (C0, Cd, Bd, C2+d, C2, B0)
(C0, Cd) (C0, Cd, B−2+d, A−2+d, B−2−d, C−d) (C0, Cd, B−2+d, C−2+d, C−2, B−2)
(C0, Cd, C2d, B2d, A2d, B0) (C0, Cd, C2d, B−2+2d, A−2+2d, B−2)
By edge-transitivity and Corollary 2.2, there is an automorphism γ such
that (A0, A1) γ = (A0, B0). We notice that every 6-cycle above is uniquely
determined by identifying a 3-arc contained in it; for example, although
there are two 6-cycles containing (A0, A1, B1), only one contains the 3-arc
(B0, A0, A1, B1), and only one contains the 3-arc (A−1, A0, A1, B1). Moreover,
none contain the 3-arc (B
−2d, A0, A1, B1).
Now, we claim that we can deduce the entire action of γ on the vertices
of the graph from its action on Ai, Ai+1, Bi, and Bi+1, for some fixed integer
i. To establish this, we shall prove that if we know the images of these four
vertices under γ, then we can obtain the images of Ai+2, Bi+2, and Ci+2.
The two 6-cycles containing (Bi, Ai, Ai+1) are
(Bi, Ai, Ai+1, Ai+2, Bi+2, Ci+2)
and
(Bi, Ai, Ai+1, Bi+1, Ai+1+2d, Ai+2d) .
If we know how γ acts on Ai, Ai+1, Bi, and Bi+1, then we can immediately
determine the image of the latter 6-cycle, since it is the only one which
contains the 3-arc (B0γ, A0γ, A1γ, B1γ). From there, the image of the former
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6-cycle is immediately known also, giving us the images of Ai+2, Bi+2, and
Ci+2.
So now consider that we already have A0γ = A0 andA1γ = B0 by assump-
tion. From the list of 6-cycles above, we see that B0γ ∈ {A1, A−1, B−2d}. If
B0γ = A1, then B1γ ∈ {A2d, C2}, but if B0γ = A−1, then B1γ ∈ {A2d, C0},
whereas if B0γ = B−2d, then B1γ ∈ {C0, C2}. This gives us six possible ac-
tions of γ on the graph, which are denoted below by γi for i ∈ {1, 2, 3, 4, 5, 6}.
γi Assumptions
γ1: B0 7→ A1 and B1 7→ A2d
γ2: B0 7→ A1 and B1 7→ C2
γ3: B0 7→ A−1 and B1 7→ A2d
γ4: B0 7→ A−1 and B1 7→ C0
γ5: B0 7→ B−2d and B1 7→ C0
γ6: B0 7→ B−2d and B1 7→ C2
The automorphism γ1 is the following (where z is an integer such that
6z
n
≡ 3 + 3d):
i
6
≡ 0 i
6
≡ 1 i
6
≡ 2 i
6
≡ 3 i
6
≡ 4 i
6
≡ 5
Ai 7→ Aiz B(i−1)z C(i−2)z+2 C(i−3)z+2+d B(i−4)z+2+d A(i−5)z+2+3d
γ1 : Bi 7→ Aiz+1 A(i−1)z+2d B(i−2)z+2 C(i−3)z+2+2d C(i−4)z+4+d B(i−5)z+2+3d
Ci 7→ Biz+1−2d A(i−1)z−1+2d A(i−2)z+2 B(i−3)z+2d C(i−4)z+4 C(i−5)z+2+3d
Immediately we see that n = 6m for some m. Also, clearly b (that is,
2d) cannot be 1, 2, 3, or 5 (mod 6), and d cannot be 0, 2, 3, or 4 (mod 6).
For example, if b
6
≡ 2, then we have (B0, A2d) γ1 =
(
A1, C(2d−2)z+2
)
, which of
course is not an arc of the graph. We therefore have that d
6
≡ 5. Notice also
that (C0, B0, A2d) γ1 =
(
B1−2d, A1, B(2d−4)z+2+d
)
, so that (2d− 4) z
n
≡ −1−d.
Notice therefore that (2d+ 2) z
n
≡ 2 + 2d. Furthermore, (B0, C2, C2+d) γ1 =(
A1, A2, A(1+d)z−1+2d
)
, so (1 + d) z
n
≡ 4−2d. Therefore (2d+ 2) z
n
≡ 8−4d
n
≡
2 + 2d, implying that 6d
n
≡ 6.
If we set d = 6g − 1 for some g, then 6d = 36g − 6
n
≡ 6, implying that
36g
n
≡ 12. Then d2
n
≡ 36g2 − 12g + 1
n
≡ 12g − 12g + 1
n
≡ 1, and the graph
is therefore a member of family 1. More specifically, it must be a member of
family 1⋆.
The automorphism γ2 is the defining automorphism of family 1.
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The automorphism γ3 is the following (where z is an integer such that
6z
n
≡ −3 + 3d):
i
6
≡ 0 i
6
≡ 1 i
6
≡ 2 i
6
≡ 3 i
6
≡ 4 i
6
≡ 5
Ai 7→ Aiz B(i−1)z C(i−2)z C(i−3)z+d B(i−4)z−2+d A(i−5)z−2+3d
γ3 : Bi 7→ Aiz−1 A(i−1)z+2d B(i−2)z−2 C(i−3)z+2d C(i−4)z−2+d B(i−5)z−2+3d
Ci 7→ Biz−1−2d A(i−1)z+1+2d A(i−2)z−2 B(i−3)z+2d C(i−4)z−2 C(i−5)z+3d
It is immediate that n = 6m for some m, and that d
6
≡ 5.
However, notice that no vertex is sent via γ3 to A1; hence γ3 cannot
actually be an automorphism.
The automorphism γ4 is the defining automorphism for family 2.
The automorphism γ5 must be the following (where z is an integer such
that 6z
n
≡ 3 + 3d):
i
6
≡ 0 i
6
≡ 1 i
6
≡ 2 i
6
≡ 3 i
6
≡ 4 i
6
≡ 5
Ai 7→ Aiz B(i−1)z C(i−2)z+2 C(i−3)z+2+d B(i−4)z+2+d A(i−5)z+2+3d
γ5 : Bi 7→ Biz−2d C(i−1)z C(i−2)z+2−d B(i−3)z+d A(i−4)z+2+d A(i−5)z+1+3d
Ci 7→ Aiz−2d B(i−1)z−2 C(i−2)z+2−2d C(i−3)z+d B(i−4)z+2−d A(i−5)z+3d
It is immediate that d
6
≡ 1. However, we notice that there is no vertex which
may be sent by γ6 to A1, so γ5 must not be an automorphism after all.
The automorphism γ6 is the following (where z is an integer such that
6z
n
≡ −3 + 3d):
i
6
≡ 0 i
6
≡ 1 i
6
≡ 2 i
6
≡ 3 i
6
≡ 4 i
6
≡ 5
Ai 7→ Aiz B(i−1)z C(i−2)z C(i−3)z+d B(i−4)z−2+d A(i−5)z−2+3d
γ6 : Bi 7→ Biz−2d C(i−1)z+2 C(i−2)z−d B(i−3)z+d A(i−4)z−2+d A(i−5)z−1+3d
Ci 7→ Aiz−2d B(i−1)z+2 C(i−2)z−2d C(i−3)z+2+d B(i−4)z−2−d A(i−5)z+3d
Clearly n = 6m for somem, and it is simple to deduce that d
6
≡ 1. We will
fish out additional conditions by calculating the images of some 2-arcs under
γ6. First, (B0, C0, Cd) γ6 =
(
B
−2d, A−2d, B(d−1)z+2
)
, so (d− 1) z
n
≡ −2 −
4d. Second, (B1, C1, C1+d) γ6 =
(
C2, B2, C(d−1)z−2d
)
, so (d− 1) z
n
≡ 4 + 2d,
implying that 6d
n
≡ −6.
If we write d = 6g + 1 for some g, then 6d = 36g + 6
n
≡ −6, so that
36g
n
≡ −12. Therefore d2 = 36g2 + 12g + 1
n
≡ −12g + 12g + 1
n
≡ 1, which
ensures that the graph is a member of family 1. In fact, since 6d
n
≡ −6, the
graph is isomorphic to a member of family 1⋆.
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Hence graphs in case 16 are isomorphic to members of family 1, 2, or 3.
Proof. (Case 26) Let Prn (2d, 2, d) where 3d
n
≡ 3 be edge-transitive. There
must then exist an automorphism δ such that (A0, A1) δ = (A0, B0). We note
that each arc in this graph has successor and predecessor type {2, 2, 3}, which
allows us to determine that B1−2dδ = C0, B0δ = A1, {A2, B1}δ = {A2d, C2},
and {A
−1, B−2d}δ = {A−1, B−2d}.
If A2δ = A2d, we can deduce that δ is the defining automorphism of family
1. If instead A2δ = C2, we can prove that δ is the following:
i
6
≡ 0 i
6
≡ 1 i
6
≡ 2 i
6
≡ 3 i
6
≡ 4 i
6
≡ 5
Ai 7→ Ai Bi−1 Ci Ci−1+d Bi−2+d Ai
Bi 7→ Ai+1 Ai−1+2d Bi Ci−1+2d Ci+d Bi
Ci 7→ Bi+1−2d Ai−2+2d Ai Bi−3+2d Ci Ci
We observe that this is the defining automorphism of family 1⋆. Hence edge-
transitive graphs in case 26 are, up to isomorphism, members of family 1.
We have now shown that edge-transitive propeller graphs from cases 1,
5, 16, and 26 must be members of the known families, up to isomorphism.
We will now show that propeller graphs from any other case cannot be edge-
transitive. Before doing that, we want to identify a particularly vexing case.
In the course of this research, it was particularly difficult to find a proof that
propeller graphs from case 24 could not be arc-transitive. A strategy that
worked in all other cases - namely, identifying the local or full action of an
automorphism sending (A0, A1) to (A0, B0) - was not possible here, and a
different method of attack was necessary. We have singled out the proof for
case 24 for this reason.
Proof. (Case 24 contains no edge-transitive graphs)
Let Prn (b, c, 1− b+ c) where 2b
n
≡ 2 and 2c
n
≡ 2d be edge-transitive with
girth at least 5 and N6 = 7. We must have n = 2m for somem and b
2m
≡ m+1,
because otherwise b
n
≡ 1 and the girth would be 3. By the same reasoning,
c
2m
≡ m+ d, so we may write the graph as Γ = Pr2m (m+ 1, m+ d, d).
We note immediately that for any index i, Ai+m is the unique vertex
which is antipodal to Ai in six distinct 6-cycles. This property similarly
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holds for Bi and Bi+m, and for Ci and Ci+m. We illustrate this property in
Figure 1, which shows the subgraphs induced by these 6-cycles. Hence the
sets {Ai, Ai+m}, {Bi, Bi+m}, {Ci, Ci+m} across i ∈ Zm form a block system
for the graph, and therefore 〈ρm〉 is normal in the automorphism group of
the graph.
Ai
Ai+1
Bi
Bi+m−1
Ai−1
Bi+m
Ai+m+1
Ai+m−1
Bi−1
Ai+m Bi
Ai+m+1
Ai
Ci+m+d
Ci
Ai+m
Ai+1
Ci+m
Ci+d
Bi+m
Ci
Bi
Ci+d
Bi+m−d
Ci−d
Ci+m+d
Bi+m
Ci+m−d
Bi−d
Ci+m
Figure 1: In case 24, certain pairs of vertices are antipodal in six distinct 6-cycles.
Since 〈ρm〉 is normal in Aut (Γ), we can consider its quotient graph Υ,
with vertex set {ui, vi, wi|i ∈ Zm}, where ui corresponds to {Ai, Ai+m} in Γ,
vi corresponds to {Bi, Bi+m} in Γ, and wi corresponds to {Ci, Ci+m} in Γ.
The edge set of Υ induced by modding out 〈ρm〉 is
{{ui, ui+1}, {ui, vi}, {vi, ui+1}, {vi, wi+d}, {wi, vi}, {wi, wi+d}|i ∈ Zm},
and clearly Υ = Prm (1, d, d), a propeller graph of girth 3. Moreover, it is
not difficult to see that if Γ is arc-transitive, then so is Υ.
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We have already seen that the largest (with respect to order) arc-transitive
propeller graph of girth 3 is Pr24 (1, 5, 5), so Γ must have m ≤ 24. Therefore
any arc-transitive graphs from case 24 must have n ≤ 48 and therefore are
members of the known families by Lemma 4.2.
Proof. (All other cases contain no edge-transitive graphs) In cases 2, 3, 4, 8,
12, 13, 14, 15, 17, 18, 19, 21, 23, 25, 27, 28, and 29, (A0, A1) and (A0, B0)
have different successor types, so graphs from these cases cannot be edge-
transitive.
Let Γ be a graph from case 6, where N6 = 4. Let S be the set of four 6-
cycles containing (A0, A1) and let T be the set of 6-cycles containing (A0, B0).
We note that S can be partitioned into two pairs: two 6-cycles which contain
the 2-arc (A0, A1, B1), and two which contain the 2-arc (B−b, A0, A1). Though
there are two 6-cycles in T which contain the 2-arc (A0, B0, Ab) and two which
contain the 2-arc (A
−1, A0, B0), they do not partition T . Therefore Γ cannot
admit an automorphism sending (A0, A1) to (A0, B0), and therefore cannot
be edge-transitive.
The proof for case 7 is nearly identical to the proof for case 6.
Let Γ be a graph from case 9, so that N6 = 5. Suppose that Γ is edge-
transitive, and let σ be an automorphism such that (A0, A1)σ = (A0, B0). We
will show that this assumption leads to a contradiction. A short investigation
shows that the predecessor type and successor type are the same for Γ, specif-
ically {2, 2, 1}. In particular, U = (A0, A1, B1−b, C−1, B−1, A−1) is the only 6-
cycle containing (A
−1, A0, A1) and V = (A0, A1, A2, B2−b, C0, B0) is the only
6-cycle containing (A0, A1, A2). Also, W = (A0, B0, C−2+b, C−5+b, C−b, B−b)
is both the only 6-cycle containing (B
−b, A0, B0) and the only 6-cycle con-
taining (A0, B0, C−2+b). Hence σ would need to send U to W but would also
need to send V to W . Clearly σ cannot do both, yielding a contradiction as
claimed.
The proof for case 10 is nearly identical to the proof for case 9.
Let Γ be a graph from case 11, so that N6 = 5. Suppose that Γ is
edge-transitive, and let σ be an automorphism sending (A0, A1) to (A0, B0).
We will show that this assumption leads to a contradiction. First note that
the predecessor and successor types for Γ are both {2, 2, 1}. Also, the 6-cycle
(A0, A1, A2, B2−b, C0, B0) is both the only 6-cycle containing (A0, A1, A2) and
the only 6-cycle containing (A0, B0, C0), so σ must take this 6-cycle and
reverse it about A0. Similarly, the only 6-cycle containing (A−1, A0, A1) is
(A
−1, A0, A1, B1−b, C−1, B−1) and the only 6-cycle containing (B−b, A0, B0) is
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(B
−b, A0, B0, C−2+b, C−3+3b, B−b), so σ must send the former to the latter.
This in turn implies that the 3-arc P = (B1−b, A1, A2, B2−b) is mapped via σ
to Q = (C
−2+b, B0, C0, B2−b). However, P is contained in a 6-cycle, while Q
is not; therefore σ cannot be an automorphism, giving us a contradiction.
Let Γ be a graph from case 20, where N6 = 6. The successor type for
all arcs in this graph is {1, 2, 3}. It is simple to show that there are three
6-cycles containing (A0, A1, B1−b) and that two of these contain B0. It is also
easy to find that each of the three 6-cycles containing (A0, B0, C0) contain
distinct neighbors of A0. Therefore Γ cannot admit an automorphism sending
(A0, A1) to (A0, B0).
The proof for case 22 is nearly identical to the proof for case 20.
Let Γ be a graph from case 30, where N6 = 9. The predecessor type
and successor type for all arcs in Γ is {2, 3, 4}. Now, suppose that Γ is
edge-transitive, and let σ be an automorphism sending (A0, A1) to (A0, B0).
There are precisely four 6-cycles containing (A0, A1, Bd) and four containing
(A0, B0, C0); therefore Bdσ = C0. Similarly, there are four 6-cycles containing
each of (B0, A0, A1) and (A1, A0, B0), so B0σ = A1. However, while there are
two 6-cycles containing the 3-arc U = (B0, A0, A1, Bd), there is only one
containing V = (A1, A0, B0, C0), and yet Uσ = V . This gives the expected
contradiction.
The proof for case 31 is nearly identical to the proof for case 30.
We have established that all edge-transitive propeller graphs with girth
at least 5 and n > 78 must be, up to isomorphism, a member of family 1,
family 2, or family 3. With Lemma 4.2, this completes the classification of
edge-transitive propeller graphs of girth at least 5.
8. Additional avenues of study
We have been able to identify the automorphism groups of all arc-transitive
propeller graphs; these results will be presented in a future paper. Mean-
while, the identification of automorphism groups of non-arc-transitive pro-
peller graphs is still an open question worth pursuing.
Also, the classificaiton of vertex-transitive propeller graphs is still open,
although preliminary investigations have yielded a few conjectures.
Conjecture 1. Let Γ be a vertex-transitive propeller graph with G = Aut (Γ).
Then one of the following must be true:
• Γ is arc-transitive, or
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• Γ ∼= Pr2m (2d, 2, d) where d is odd, in which case either m 6= 2d and
|G| = 12m, or m = 2d and |G| = 48m.
Conjecture 2. Let Γ be a propeller graph with two edge-orbits and G =
Aut((Γ). Then one of the following must be true:
• Γ is vertex-transitive, or
• Γ ∼= Pr2m (m,m, d) where (d, 2m) = 1, in which case |G| = 2
m+3 · 2m,
or
• Γ ∼= Prn (b, bd, d) where d
2 n≡ ±1, in which case |G| = 4n.
Conjecture 3. Let Γ be a propeller graph with four edge-orbits and G =
Aut (Γ). Then one of the following must be true:
• G = 〈ρ, µ〉 is dihedral of order 2n (this is the default condition), or
• Γ ∼= Pr4d (2d, 2d, d), in which case |G| = 2
4d+1 · 4d, or
• Γ ∼= Pr2m (m,m, d) where 2d < m, in which case |G| = 2
m+(d,m)+1 · 2m,
or
• Γ ∼= Pr4d (b, 2d, d), in which case |G| = 2
2d+1 · 4d, or
• Γ ∼= Pr2m (b,m, d) where 2d < m, in which case |G| = 2
1+(d,m) · 2m, or
• Γ ∼= Pr2m (m, c, d) where one of the following holds:
◦ 2c = 2d = m, in which case |G| = 2m+1 · 2m, or
◦ 2c = m, 2d 6= m, c > 1, (d,m) > 1, in which case |G| = 21+(d,m) ·
2m, or
◦ 2c 6= m, 2d = m, (c,m) > 1, d > 1, in which case |G| = 21+(c,m) ·
2m, or
◦ |G| = 21+(m,c,d) · 2m.
There is also the question of generalizing the family of propeller graphs.
This is a highly precedented suggestion; in particular, generalized Petersen
graphs have been further generalized in several different ways. The I-graphs
from the Foster census [3] contain the generalized Petersen graphs, and the
I-graphs are a subset of the GI-graphs, introduced and studied by Conder,
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Pisanski, and Zitnik [2]. Meanwhile, Sarazin, Pacco, and Previtali “super-
generalized” the generalized Petersen graphs in a different way entirely [14].
In some ways, Wilson’s rose window graphs [16] can be thought of as a
tetravalent analogue to generalized Petersen graphs as well.
We propose initially a generalization similar to that of I-graphs over
generalized Petersen graphs; namely, to introduce a new parameter a so that
{Ai, Ai+a} is an edge of the graph, rather than {Ai, Ai+1}. If we denote the
generalized propeller graph by GPrn (a, b, c, d), then GPrn (1, b, c, d) is the
propeller graph Prn (b, c, d). Though we have not studied this new family
in great detail, we were able to obtain that GPr10 (2, 3, 1, 4) is arc-transitive
and not a propeller graph, as introduced here. No others have yet be found,
and it would be interesting to discover whether any others exist at all.
A theorem by Conway prompts a third avenue of investigation. A cycle
of a graph is declared consistent whenever there exists an automorphism of
the graph which acts on the cycle as a one-step rotation. This Biggs-Conway
theorem (so-called because it seems that the only record of this talk can
be found in a paper by Biggs [1]) states that a d-valent arc-transitive graph
admits d−1 orbits of consistent cycles. Given that we have strong restrictions
on the parameters of arc-transitive propeller graphs, it may be possible to
thoroughly determine the consistent cycle orbits admitted by members of
each family.
Appendix A. Appendix
Produced below is a table displaying the 48 distinct classes of 6-cycles in
a propeller graph.
No. Relations q(X ) r(X ) s(X ) t(X ) u(X ) v(X )
1 None (A-canonical) 2 2 2 0 0 0
2 None (C-canonical) 0 0 0 2 2 2
3 n = 6 1 0 0 0 0 0
4 b
n
≡ −4 4 1 1 0 0 0
5 b
n
≡ 4 4 1 1 0 0 0
6 2b
n
≡ −2 3 3 3 0 0 0
7 2b
n
≡ 2 3 3 3 0 0 0
8 d
n
≡ −1 4 4 4 4 4 4
9 d
n
≡ 1 4 4 4 4 4 4
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10 1 + b+ d
n
≡ 0 2 2 2 2 2 2
11 1 + b
n
≡ d 2 2 2 2 2 2
12 1 + d
n
≡ b 2 2 2 2 2 2
13 1
n
≡ b+ d 2 2 2 2 2 2
14 1 + c+ d
n
≡ 0 2 2 2 2 2 2
15 1 + c
n
≡ d 2 2 2 2 2 2
16 1 + d
n
≡ c 2 2 2 2 2 2
17 1
n
≡ c+ d 2 2 2 2 2 2
18 1 + b+ c+ d
n
≡ 0 1 1 1 1 1 1
19 1 + b+ c
n
≡ d 1 1 1 1 1 1
20 1 + b+ d
n
≡ c 1 1 1 1 1 1
21 1 + c+ d
n
≡ b 1 1 1 1 1 1
22 1 + b
n
≡ c+ d 1 1 1 1 1 1
23 1 + c
n
≡ b+ d 1 1 1 1 1 1
24 1 + d
n
≡ b+ c 1 1 1 1 1 1
25 1
n
≡ b+ c+ d 1 1 1 1 1 1
26 3b
n
≡ 0 0 1 1 0 0 0
27 3c
n
≡ 0 0 0 0 1 1 0
28 2b
n
≡ −c 0 2 2 1 1 0
29 2b
n
≡ c 0 2 2 1 1 0
30 b
n
≡ 2c 0 1 1 2 2 0
31 b
n
≡ −2c 0 1 1 2 2 0
32 b
n
≡ −2d 0 2 2 2 2 4
33 b
n
≡ 2d 0 2 2 2 2 4
34 c
n
≡ −2 4 2 2 2 2 0
35 c
n
≡ 2 4 2 2 2 2 0
36 b+ c+ 2d
n
≡ 0 0 1 1 1 1 2
37 b+ c
n
≡ 2d 0 1 1 1 1 2
38 b+ 2d
n
≡ c 0 1 1 1 1 2
39 b
n
≡ c + 2d 0 1 1 1 1 2
40 2 + b+ c
n
≡ 0 2 1 1 1 1 0
41 2 + b
n
≡ c 2 1 1 1 1 0
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42 2 + c
n
≡ b 2 1 1 1 1 0
43 2
n
≡ b+ c 2 1 1 1 1 0
44 2c
n
≡ 2d 0 0 0 3 3 3
45 2c
n
≡ −2d 0 0 0 3 3 3
46 c
n
≡ 4d 0 0 0 1 1 4
47 c
n
≡ −4d 0 0 0 1 1 4
48 6d
n
≡ 0 0 0 0 0 0 1
Table A.3: The 48 relations for all possible 6-cycles.
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